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Abstract 

The set of distinct eigenvalues of a signed digraph S together with their 
multiplicities is called its spectrum. The energy of a signed digraph S with 
eigenvalues z 1} z 2 , ■ ■ • , z n is defined as E(S) = J2j=i I ^ z j I > where tftzj denotes 
real part of complex number Zj. In this paper, we show that the character¬ 
istic polynomial of a bipartite signed digraph of order with each cycle of 
length = 0 (mod 4) negative and each cycle of length = 2 (mod 4) positive 
is of the form 


<fe( 2 ) = z” + X>1 )‘c 2j (S)z"-V, 

3 = 1 

where C 2 j(S) are nonnegative integers. We define a quasi-order relation in 
this case and show energy is increasing. It is shown that the characteristic 
polynomial of a bipartite signed digraph of order n with each cycle negative 
has the form 


Md = z n + J2c 2J (S)z"- 2 \ 

3 = 1 

where C 2 j(S ) are nonnegative integers. We study integral, real, Gaussian 
signed digraphs and quasi-cospectral digraphs and show for each positive in¬ 
teger n > 4 there exists a family of n cospectral, non symmetric, strongly 
connected, integral, real, Gaussian signed digraphs (non cycle balanced) and 
quasi-cospectral digraphs of order 4 n . We obtain a new family of pairs of 
equienergetic strongly connected signed digraphs and answer to open prob¬ 
lem (2) posed in Pirzada and Mushtaq, Energy of signed digraphs, Discrete 
Applied Mathematics 169 (2014) 195-205. 
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1. Introduction 

A signed digraph (or briefly sidigraph) is defined to be a pair S = ( D , a) 
where D = {V. srf) is the underlying digraph and a : sf —» {—1,1} is the 
signing function. The sets of positive and negative arcs of S are respectively 
denoted by g/ + (S) and g/~(S). Thus srf(S) = g/ + (S) U srf~(S). A sidi¬ 
graph is said to be homogeneous if all of its arcs have either positive sign 
or negative sign, and heterogeneous otherwise. Throughout this paper, bold 
arcs will denote positive arcs and dotted arcs will denote negative arcs. 

Two vertices are adjacent if they are connected by an arc. If there is an 
arc from a vertex u to the vertex v , we indicate this by («, v ). A path of length 
n — 1 ( n > 2), denoted by P n , is a sidigraph on n vertices v\, v 2 , ■ ■ ■ ,v n with 
n— 1 signed arcs (uj, v i+i ), i — 1,2, • • • , n— 1. A cycle of length n is a sidigraph 
having vertices v\, u 2 , • • • , v n and signed arcs (u;, fj+i), i — 1,2, • • • , n — 1 and 
(v n ,v i). A sidigraph S is said to be strongly connected if its underlying di¬ 
graph S u is strongly connected. The sign of a sidigraph is defined as the 
product of signs of its arcs. A sidigraph is said to be positive (negative) if its 
sign is positive (negative) i.e., it contains an even (odd) number of negative 
arcs. A sidigraph is said to be all-positive (respectively, all-negative) if all 
its arcs are positive (negative). A sidigraph is said to be cycle balanced if 
each of its cycles is positive, otherwise non cycle balanced. The negative of 
a sidigraph S denoted by —S is the sidigraph obtained by negating sign of 
each arc of S. Throughout we call cycle balanced cycle a positive cycle and 
non cycle balanced cycle a negative cycle and respectively denote them by 
C n and C n , where n is number of vertices. 

The adjacency matrix of a sidigraph S with vertex set (ui, V 2 , ■ ■ ■ , v n } is 
the n x n matrix A(S') = (a y ), where 

_ J cr (vi,Vj), if there is an arc from to Vj, 

0,13 { 0, otherwise. 

The characteristic polynomial |zl — A(S')| of the adjacency matrix A(S) 
of a sidigraph S is called the characteristic polynomial of S and is denoted by 
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<!>s{z). The eigenvalues of A(S') are called the eigenvalues of S. The set of dis¬ 
tinct eigenvalues of S together with their multiplicities is called the spectrum 
of S. If S' is a sidigraph of order n with distinct eigenvalues Zi, Z 2 , ■ ■ ■ ,Zk and 
if their respective multiplicities are , mfc, we write the spectrum 

of S as spec(S) = {z[ mi , z?™ 2 ^, • • • , 

A sidigraph is symmetric if (u,v) G g/ + (S) (or then (v,u) G 

&f + {S) (or £/~(S)), where u. v G V(S). A one to one correspondence be¬ 
tween sigraphs and symmetric sidigraphs is given by E E , where E 
has the same vertex set as that of sigraph E, and each signed edge (u, v) is 
replaced by a pair of symmetric arcs (u,v) and (v,u) both with same sign 
as that of edge (u,v). Under this correspondence a sigraph can be identified 
with a symmetric sidigraph. A sidigraph is said to be skew symmetric if its 
adjacency matrix is skew symmetric. A linear subsidigraph of a sidigraph S 
is a subsidigraph with indegree and out degree of each vertex equal to one 
i.e., each component is a cycle. 

The following is the coefficient theorem for sidigraphs jH]. 

Theorem 1.1. If S' is a sidigraph with characteristic polynomial 
M*) = z n + b±(S)z n ~ 1 + • • • + 6 n _i(S)^ + b n (S) 

then 

ms)=^(- i)” (i) n 

Le£j zec(L) 

for all y = 1,2,--- , n, where £ 3 is the set of all linear subsidigraphs L of S 
of order j, p(L) denotes number of components of L and c(L) denotes the 
set of all cycles of L and s(Z) the sign of cycle Z. 

The spectral criterion for cycle balance of sidigraphs (sigraphs) given by 
Acharya [l| is as follows. 

Theorem 1.2. A sidigraph (sigraph) S is cycle balanced (balanced) if and 
only if it is cospectral with the underlying unsigned digraph (graph). 

The energy of a graph is defined as the sum of the absolute values of 
graph eigenvalues. This concept was given by Gutman Q. Later the con¬ 
cept of energy was extended to digraphs by Pena and Rada and they defined 
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the energy of a digraph to be the sum of the absolute values of the real parts 
of digraph eigenvalues [H)]. The energy of a sigraph £ was defined by Ger- 
mina, Harneed and Zaslavsky [!§J as E(E) = Y^=\ |Aj|, where Ai, A 2 , • • • , A n 
are eigenvalues of the sigraph £. Recently, this concept was generalized to 
sidigraphs [l3j] as E(S) = J2j=i I ^ z j I ■ where Z\, Z 2 , ■ ■ ■ ,z n are the eigenval¬ 
ues of S and Jfo,- denotes real part of Zj. This definition was motivated by 


Coulson’s integral formula for sidigraphs [Theorem 3.3, 13 


E(S) = Y, l» 

3 = 1 


1 f . LxficUx) . , 

Zj | = - / » - - . f J )dx 

7T J (j)s(ix) 


where l = and J F(x)dx denotes the principle value of the respective 

integral. We note that in [i|] Brualdi calls this type of energy as the low 
energy. 


For more information about spectra and energy of graphs, sigraphs, di¬ 
graphs and sidigraphs see I, S S 0,0 0 0, m 


Esser and Harary in [7] showed that the spectrum of a strongly connected 
digraph D remains invariant under the multiplication by —1 if and only if it is 
bipartite. We show there are non bipartite strongly connected sidigraphs with 
this property. As in bipartite digraphs, in general, the even coefficients of non 
cycle balanced bipartite sidigraphs does not alternate in sign. For example 
the characteristic polynomial of non cycle balanced bipartite sidigraph S in 
Fig. 3 is 4>s{ z ) — z 4 + z 2 . Clearly, even coefficients do not alternate in 
sign. Now, consider the non cycle balanced bipartite sidigraph S\ in Fig. 2, 
the characteristic polynomial is (/><?, (z) = z 6 — z 4 + 2 z 2 . In this case, even 
coefficients alternate in sign. In 0|, the authors considered the bipartite 
digraphs with characteristic polynomial of the form 


<Mz) = z" + £(-i)V 2 ,.(B) 2 ”-« (1) 

3 = 1 

where c 2 j{D ) are nonnegative integers for every j — 1 , 2, • ■ • , |_f J and studied 
a large family of bipartite digraphs A n consisting of digraphs with n vertices 
where each cycle has length = 2 (mod 4) with characteristic polynomial 
of the form (1). Because of this alternating nature of even coefficients it 
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was possible to compare energies of digraphs in A n by means of quasi-order 
relation. It is natural to consider the same problem for sidigraphs. We show 
bipartite sidigraphs on n vertices with each cycle of length = 0 (mod 4) 
negative (i.e., containing odd number of negative arcs) and each cycle of 
length = 2 (mod 4) positive (i.e., containing an even number of negative 
arcs) has characteristic polynomial of the form (1). We denote this class 
of sidigraphs by A*. We derive an integral expression for the energy and 
define a quasi-order relation to compare the energies of sidigraphs in this 
case. We also study another class of bipartite sidigraphs on n vertices with 
all cycles negative (i.e., each cycle has odd number of negative arcs) and 
show a sidigraph in this class has characteristic polynomial of the form 


LfJ 


<l>s{z) = z n + ^2c 2j (S) 


yn-2 j 


( 2 ) 


j = 1 


where c 2 j(S) are nonnegative integers for every j — 1, 2, • • • , |_§J- We denote 
this class of sidigraphs by Ajp 

Two sidigraphs of same order are said to be cospectral (or isospectral) 
if they have the same spectrum. In jgj, the authors studied digraphs with 
integral, real and Gaussian spectra. We study sidigraphs with integral, real 
and Gaussian spectra and we show for each positive integer n > 4 there ex¬ 
ists a collection of n non cycle balanced, non symmetric, strongly connected, 
integral, real and Gaussian cospectral sidigraphs of order 4 n . 

Two noncospectral sidigraphs of same order are said to be equienergetic 
if they have the same energy. Equienergetic sidigraphs were obtained in 
and the authors raised the following open problem. 
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Problem 1.3. Find an infinite family of pairs of noncospectral equienergetic 
sidigraphs on n > 4 vertices with both constituents non cycle balanced. 


In this paper, we obtain a new family of strongly connected equienergetic 
sidigraphs and give the answer to Problem 1.3. 


2. Spectra of sidigraphs 

Recall a sidigraph S is bipartite if its underlying digraph is bipartite. The 
following result by Esser and Harary [7] characterizes strongly connected bi- 
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partite digraphs in terms of spectra. 

Theorem 2.1. A strongly connected digraph D is bipartite if and only if 
its spectrum is invariant under multiplication by —1. 

Let S' be a bipartite sidigraph, then as in [Theorem 3.3, Q], the charac¬ 
teristic polynomial of S is given by 4>s( z ) — z' 5 ^- 2 ); where 6 is a nonnegative 
integer and i/j( z 2 ) is a polynomial in z 2 . Therefore the spectrum of a bipartite 
sidigraph remains invariant under multiplication by —1. 




Remark 2.2. Unlike in digraphs, the converse of Theorem 2.1 is not true 
for sidigraphs. For example sidigraphs Si and S 2 in Fig. 1 are two strongly 
connected non bipartite sidigraphs of order 17. It is easy to check that 
<t>sAz) = 0-SiO) = £ 17 + 3Z 11 + z 5 and 0s 2 (z) = <j>-s 2 (z) = z 17 + z 11 + z 5 . 

We recall the definitions of type a, type b , type c and type d linear 
sidigraphs from [l3|. From Theorem 1.1, bj(S) = (—1) p ^ L ' ) s(L), j = 

La£j 

1, 2, • • • , n, where s(L) = s(Z). Clearly, this sum contains positive and 

zec(L) 

negative ones. 

+1 occurs if, and only if 

(a) Number of components of L G £j is odd and s(L) < 0. We call such 
linear sidigraphs as type a linear sidigraphs. 

(■ b ) Number of components of L G £j is even and s(L) > 0. We call such 
linear sidigraphs as type b. 
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—1 will occur if, and only if 

(c) Number of components of L e £ 3 is odd and s(L) > 0. We call such 
linear sidigraphs as type c. 

(d) Number of components of L e £ 3 is even and s(L) < 0. We call such 
linear sidigraphs as type d. 

We have the following result. 

Theorem 2.3. Let S be a sidigraph of order n. Then the following state¬ 
ments are equivalent. 

(I) Spectrum of S remains invariant under multiplication by —1. 

(II) S and —S are cospectral, where —S' is the negative of S. 

(III) In S, for each odd j, the number of linear subsidigraphs of order j of 
type a or type b or both types is equal to the number of linear subsidigraphs 
of order j of type c or type d or both types. 

Proof. (I) =>• (II) Follows by the fact that spec(-A) = — spec(A) for any 
square matrix A. 

(II) ==>- (III) Assume S and —S are cospectral. Then 4>s(z) = 4>~s(z) = 
±<ps(—z). The sign is positive or negative according as the order n of sidi¬ 
graph is respectively even or odd. This clearly indicates that the coefficient 
bj(S) = 0 for each odd j and therefore (III) follows. 

(III) =>- (I) is immediate. □ 

Lemma 2.4. If S is a bipartite sidigraph, then for all j = 1,2,--- 

(I) £2j-i = 0 - 

(II) Every element of £^ has an even number of cyclic components of length 
= 2 (mod 4). The number of components of length = 0 (mod 4) is either 
even or odd. 

(III) Every element of £ 4^+2 has an odd number of cyclic components of 
length = 2 (mod 4). The number of components of length = 0 (mod 4) is 
either even or odd. 

Proof. (J). Since S is bipartite, therefore £^j -1 = 0 f° r all j — 1,2, • • •. 
(II). Assume L e has p components of length 4 l r + 2, for r = 1 , 2 , • • • , p 
and q components of length 4m r for r = 1, 2, • • • , q. Then 

p q 

4 j = ^~^(4/ r + 2) + y~^(4m r ) 

r= 1 r —1 
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p q 

which gives p = 2j — 2 22 (l r ) — 2 22 (m r ). This shows p is even irrespective 

r =1 r=l 

of whether q is even or odd. 

(///). Same as in part (II). □ 

The following result shows that the characteristic polynomial of a sub¬ 
graph in A* is of the form (1). 

Theorem 2.5. If S G A*, then 


M-z) = *" + £(-! (3) 

3 =1 

where C 2 j(S) = \£^j\ is the cardinality of the set ibj. 

n 

Proof. Let 4>s(z) = z n + 22 bj(S)z n ~ j . By Theorem 1.1, we have bj(S) = 

3 = 1 

22 (—1 ) p ^s(L), where s(L) = s(Z). By Lemma 2.4, for all j = 

Le£j zgc(L) 

1 , 2 , • • •, we have 6 2 j-i(<S') — 0 . 

Also, 

MS) = E (-i)»w s (i) 

L£ £ 4. j 

= E (-1 r w s(L)+ y (-i) r( 1 ) s(L) + x 

Lg£^ 

where V denotes the sum over those linear subsidigraphs L G £44 

whose components are cycles of length = 0 (mod 4) only, 22 denotes the 

l * £ % 

sum over those linear subsidigraphs L G £\j whose components are cycles 
of length = 2 (mod 4) only and 22 denotes the sum over those linear 

le£ lj 

subsidigraphs L G £4j which have components consisting of both types of 
cycles. 

Now 

Y (“i) p|1, *( £ ) = +Egg'gm, 

Le£\, 1 n 
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where ^ denotes sum over those L G £\ ] which have an even number of 
/ 

cycles of length = 0 (mod 4) and ^ denotes sum over those L G £\- which 

ii 

have an odd number of cycles of length = 0 (mod 4). 

Therefore, by Lemma 2.4, we have 

X (-1 Y iL) s{L) = £(-l)“*”(+l) + £(-l)“"(-l) 

Le£\j i a 

= 5 Z 1 + S 1 = lAi- 

i a 

Now, by Lemma 2.4, we have 


5] (-1)»W S (L) 

Again by Lemma 2.4, we have 
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X (-ir (i, s(z,) = ^(-ir (i > S (L) + ^(-1)^(1), 

Le£ 3 4j I II 

where ^ denotes sum over those L G £\j which have an even number of 

i 

cycles of length = 0 (mod 4) and denotes sum over those L G £\j which 

ii 

have an odd number of cycles of length = 0 (mod 4). Note that the number 
of cycles of length = 2 (mod 4) is even. 

Therefore, 


5] (-1)»W S (L) = £(-l)«””(+l) + £(-l)”“(-l) 

L&£% I II 

= + = i^-i- 

I II 

Thus b 4j (S) = \£\j\ + \£%\ + \£%\ = \£ 4j \. 


9 



Also, 


b w (S)= V (-1 Y (l) s(L) 

LG£ 4j + 2 

= E (-i) p(i) s(i) + E (-i) p(1) «(i), 

l^£\j+2 L££lj +2 

where denotes the sum over those linear subsidigraphs L e <£ 4 j +2 

whose components are cycles of length = 2 (mod 4) only, and ^ denotes 

l(zP 2 
L ^^4j + 2 

the sum over those linear subsidigraphs L G <£ 4 . 7+2 which have components 
consisting of both types of cycles. 

By Lemma 2.4, we have 

E (-i) r(1| s(i) = E (—i)““(+i) = -I4+2I- 

L&£\j + 2 L££\j +2 


Also, 

E (-1 r (L> s(L) = E<-i r <L] 4L)+ Et-ir'^sto. 

1 " 

where ^ denotes sum over those L e £lj +2 which have an even number 
1 

of cycles of length = 0 (mod 4) and denotes sum over those L e £%+2 

11 

which have an odd number of cycles of length = 0 (mod 4). 

Again, by Lemma 2.4, we have 

E (-i) ,a> 4L) = E(- 1 )°' , ''(+ 1 ) + Ei- 1 )'”"*- 1 ) 

«-e«+s 1 " 

= E(- 1 ) + E(- 1 ) = -iA+2i- 

I II 

Therefore, h j+2 (S ) = ~\£\ j+2 \ - |£% +2 \ = -\£±j+ 2 \- 
Thus we conclude that 

L-J 

few = z" +E(-ip>«(s)+-y 

3 =1 
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where C 2 j(S ) = \£ 2 j\ is the cardinality of the set £^j- □ 

Remark 2.6. Here we note that there exist bipartite and non bipartite 
non cycle balanced sidigraphs not in A* which have characteristic polyno¬ 
mial with alternating coefficients. Sidigraphs Si and So in Fig. 2 clearly does 
not belong to A*. By Theorem 1.1, 4>Si( z ) — z 6 — z 4 +2z 2 and (f>s 2 ( z ) = z% ~ 1- 



The following result shows that the characteristic polynomial of a sidi- 
graph in A^ is of the form (2). Proof is same as the proof of Theorem 2.5. 

Theorem 2.7. Let S G A^. Then characteristic polynomial is given by 


i=i 

where c 2 .,(<5') = |£ 2j | is the cardinality of the set £ 2 j- 
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Remark 2.8. We note that there exist bipartite and non bipartite non cycle 
balanced sidigraphs not in A^ which have characteristic polynomial of the 
form (2). Sidigraphs Si and S 2 in Fig. 1 and sidigraph S in Fig. 3 does not 
belong to A^ because former are non bipartite and latter has a positive cycle 
of length 2. By Theorem 1.1, ^sA z ) = ~ 17 + 3 z n + z 5 , <fis 2 ( z ) — z 17 + z n + z 5 
and 4>s{z) = z 4 + z 2 . 


Recall the definition of Cartesian product of two sidigraphs from 13 


Let Si = (Vi, . 2 / 1 , <7i) and S 2 = (V 2 ,£/ 2 ,a 2 ) be two sidigraphs, their Carte¬ 
sian product (or sum) denoted by S\ x S 2 is the sidigraph (V\ x V 2 ,&/,cr), 
where the arc set srf is that of the Cartesian product of underlying unsigned 
digraphs and the sign function is defined by 


a((ui,Vj), ( u k ,vi )) 


ai(ui,u k ), if j — l, 
a 2 (vj,vi), if i = k. 


Unlike Kronecker product [l2|, Cartesian product of two strongly con¬ 
nected sidigraphs is always strongly connected as can be seen in the following 
result. 

Lemma 2.9. Let Si and S 2 be two strongly connected sidigraphs. Then 
Si x S 2 is strongly connected. 

Proof. Let (ui,Vj), (u p ,v q ) G V(Si x S 2 ), where we assume p < q (case 
p > q can be dealt similarly). Since Si is strongly connected, there exists a 
directed path (u i; n i+ i)(n i+ i, Ui +2 ) ■ ■ ■ (n p _i, u p ). Also, strong connectedness 
of S 2 implies there exists a directed path (vj, Vj + i)(vj+i, Vj +2 ) ■ ■ ■ {v q -i, v q ). 
By definition of Cartesian product, Fig. 4 illustrates that there exists a 
directed path from ( Ui,Vj ) to ( u p ,v q ). Signs do not play any role in connect¬ 
edness, so we take all arcs in Fig. 4 positive. Similarly, one can prove the 
reverse part. □ 
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( u i, v j) (Ui+ hVj +1 ) 


(lip, Vp ) (^p; ^p+l) 





(Ui,Vj+ 1) (u i+ 1 ,Vj +2 ) (Up-i^Vp) 

Fig. 4 


/ 


• •—• 



Definition 2.10. A sidigraph is said to integral (real or Gaussian) according 
as spectrum of S is integral (real or Gaussian) respectively. 

Integral, real and Gaussian spectral digraphs were studied by Esser and 
Harary |6j. The following three results show the existence of non cycle bal¬ 
anced integral, real and Gaussian sidigraphs. 



Fig. 5 S 2 


Theorem 2.11. For each positive integer n > 4, there exists a family of 
n integral cospectral, strongly connected, non symmetric and non cycle bal¬ 
anced sidigraphs of order 4 n . 

Proof. Consider sidigraphs Si and S 2 in Fig. 5. Clearly S\ and S 2 are non 
cycle balanced and strongly connected. By Theorem 1.1, 


<Asi(s) = 4 > S2 (~) = - 3^ 2 + 2 z. 


Therefore, spec(Si) = spec(S 2 ) = {—2,0,1^}. That is, Si and S 2 are 
integral cospectral. 


13 








Let 


S (k) = S 1 xS 1 x---xS 1 xS 2 xS 2 x---xS 2 , 


where we take k copies of Si and n — k copies of S 2 . Clearly, for each n , we 
have n cospectral sidigraphs S( k \ k = 1 , 2 , • • • , n of order 4 n . S i and S 2 
are non symmetric implies S ^ is non symmetric. By repeated application 
of Lemma 2.9 and using the fact that the Cartesian product of sidigraphs 
is cycle balanced if and only if the constituent sidigraphs are cycle balanced 
[Theorem 4.8, [l3j], the result follows. □ 


Integral sidigraphs are obviously real. There exists non integral real sidi¬ 
graphs as can be see in the following result. 



Fig. 6 


Theorem 2.12. For each positive integer n > 4, there exists a family of n 
real cospectral, strongly connected, non symmetric and non cycle balanced 
sidigraphs of order 4". 

Proof. Consider sidigraphs Si, S 2 and S 3 shown in Fig. 6 . Clearly, all three 
sidigraphs are non cycle balanced and strongly connected. By Theorem 1.1, 

<t>sAz) = <f>s 2 {z) = (j) S3 (z ) = z 4 -3z 2 +2. 

Therefore, spec(S'i) = spec(S 2 ) = spec(S 3 ) = {— y/2, —1,1, i/2}. Take any 
two sidigraphs among Si, S 2 and S 3 and apply procedure of Theorem 2.11, 
the result follows. □ 
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Fig. 7 


Every integral sidigraph is obviously Gaussian. The next result shows 
that there exists non integral Gaussian subgraphs i.e., subgraphs with eigen¬ 
values of the form a + ib, where a and b are integers with b ^ 0 for some b. 

Theorem 2.13. For each positive integer n > 4, there exists a collection 
of n Gaussian cospectral, strongly connected, non symmetric and non cycle 
balanced subgraphs of order 4" . 

Proof. Consider subgraphs Si, S2 and S3 in Fig. 7. It is clear that Si is 
cycle balanced whereas S 2 and S3 are non cycle balanced. Moreover all three 
subgraphs are strongly connected. By Theorem 1.1, 

<t>sA z ) = <As 2 (*) = <f>s 3 ( z ) = z 4 -l. 

Therefore, spec(Si) = spec(S 2 ) = speeds) = {—1,1, — t, i). Hence Si, S 2 
and S3 are Gaussian cospectral. Take any two subgraphs among Si, S2 and 
S 3 and proceed in a similar way as in Theorem 2.11, the result follows. □ 

Two digraphs Di and D 2 are said to be quasi-cospectral if there exist 
subgraphs Si and S 2 on D 1 and D 2 respectively such that = 4>s 2 ( z ) 

i.e., Si and S2 are cospectral. Two cospectral digraphs are quasi-cospectral 
by Theorem 1.2, as we can take any two cycle balanced subgraphs one on 
each digraph. Two digraphs are said to be strictly quasi-cospectral if they 
are quasi-cospectral but not cospectral. Two digraphs D 1 and D 2 are said to 
be strongly quasi-cospectral if both D 1 and D 2 are cospectral and there ex¬ 
ists non cycle balanced subgraphs respectively Si and S2 on them such that 
4>Sii z ) — 4 > s 2 ( z )- If is clear that if D x and D 2 are strongly quasi-cospectral 
digraphs, then both should have at least on cycle. For quasi-cospectral and 
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strongly quasi-cospectral graphs and digraphs see [2-, 3|- 

Definition 2.14. We say two digraphs D\ and D 2 are integral, real and 
Gaussian strongly quasi-cospectral if both D 1 and D 2 are respectively inte¬ 
gral, real and Gaussian cospectral and there exists non cycle balanced sidi- 
graphs Si and S 2 on them which are respectively integral, real and Gaussian 
cospectral. 

The following two results show the existence of integral and real strongly 
quasi-cospectral digraphs. 

Theorem 2.15. For each positive integer n > 4, there exists a family of 
n integral, strongly connected, non symmetric and strongly quasi-cospectral 
digraphs of order 4 n . 

Proof. Let D\ and D> respectively be the underlying digraphs of integral 
subgraphs Si and S 2 shown in Fig. 5. Then Di and D 2 are all-positive sub¬ 
graphs. By Theorem 1.1, we have 

4> Dl (z) = 4>d 2 {z) = z 4 - 3z 2 - 2z. 

Therefore, spec(Di) = spec(D 2 ) = {—1^ 2 \0,2}. 

Put D = Di x Dy x • • • x Di x D 2 x D 2 x • • ■ x D 2l where we take k 
copies of D 1 and n — k copies of D 2 . In this way, for each n > 4 we get n 
cospectral non symmetric and strongly connected integral digraphs. Thus 
for any two of these integral cospectral digraphs D Gd and D^ there exists 
corresponding non cycle balanced subgraphs S ^ and S^' 2 -* on them which 
are integral cospectral. □ 

The following result shows the existence of real strongly quasi-cospectral 
digraphs. 

Theorem 2.16. For each positive integer n > 4, there exists a collection 
of n real, strongly connected, non symmetric and strongly quasi-cospectral 
digraphs of order 4 n . 

Proof. Let D\ and D 2 be the underlying digraphs of subgraphs S\ and S 2 
as shown in Fig. 6. It is easy to see that 4>d 1 {z) = 4>d 2 {z) = z 4 — 3 z 2 — 2 z 
and spec(Di) = spec(D 2 ) = {—1^,0,2}. Also spec(Si) = spec(S 2 ) = 
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{-V2,-1,1,V2}. 

Thus Di and D 2 are real strongly quasi-cospectral. Applying the same 
technique as in Theorem 2.15, the result follows. □ 


3. Energy of sidigraphs 

In 0 , the authors compared the energies of digraphs in A n consisting 
of bipartite digraphs with each cycle of length = 2 (mod 4). We now derive 
integral expressions for sidigraphs in A* and A^ and compare energies of 
sidigraphs in A* by means of quasi-order relation. 


Given sidigraphs Si and S 2 in A*, by Theorem 2.5, for i = 1,2, we have 


LfJ 


few = *“+ 


n-2j 


3 = 1 


where c 2 j(Si) are non negative integers for all j — 1, 2, • ■ • , |_§ J- If c 2j (S\) < 
c 2 j(S 2 ) for all j = 1,2,--- , then we define Si A S 2 . If in addition 
c 2 j(Si) < c 2 j(S 2 ) for some j = 1,2,--- , then we write Si -< S 2 . The 
following result whose proof is same as the proof of the [Theorem 2.4, 17 
shows energy increases with respect to this quasi-order relation. 


Theorem 3.1. If S G A*, then 

OO |^ILJ 

E(S) = - I \log[l + ^ c 2j (S)z 2j }dz. 
n J z^ ? 

— OO 3 

In particular, if Si, Sf G A, 1 , and Si -< S 2 then E(Si) < E(S 2 ). 

Next we derive an integral expression for the energy of a sidigraph in A 2 . 
Theorem 3.2. If S G A^, then 


E(s) = l / 


1 


LfJ 

log 11 + y>l ) j c 2j ( S)z 2j I dz. 

3 = 1 
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Proof. We know from 13] that the energy of a sidigraph S satisfies the 
integral expression 


OO 

E(S) = - f I\og\z n <j, s (-)\dz. 

7 T J Z z Z 

—oo 


Assume S G A^, then (j>s( z ) 
so that 


Z n + £ c 2j(S)z n ~ 2j 

3 =1 


E(S) 


1 LfJ 

~ / -log|z"-(l + Y J ^)~ 2j C 2 j {S)z 2j )\dz 
z> z . 

3 = 1 


7r 


oo I^ILJ 

1 [ 4 !og | 1"(1 + W(-ir'c 2: i(S)^)|ds 

n z z —' 

J =1 

OO 

~ J -^ io ^\ i+ ^2(~ i y c ^( s ) z2j \ dz - 


□ 

Remark 3.3 (/). We note that the same integral expression holds for all non 
bipartite sidigraphs which have characteristic polynomial of the form (2). It 
remains a problem to define a quasi-order relation (if possible) for sidigraphs 
in A 2 for comparison of energy. 

(II). Let D be a bipartite digraph on n vertices and let Si and S 2 be sidi¬ 
graphs on D such that Si G A* and S 2 G A^. Then by Theorems 2.5 and 
2.7, the characteristic polynomials of Si and S 2 are given by 

0Si(a) = z n + c 2 j(Si)z n ~ 23 and (p S2 ( z ) = z n + Ejli c 2j (S 2 )z n - 2: >, 

where c 2 j (Si) = |£ 2 j(S' 1 )| = |<£ 2 j(S' 2 )| for i — 1,2. 

If n is odd, then cj)s 1 (iz) = ±l4>s 2 (z )• The sign is + or — according as n = 1 
(mod 4) or n = 3 (mod 4) respectively. If n is even, then <j)s 1 (tz) = ±(f>s 2 (z). 
The sign is + or — according as n = 0 (mod 4) or n = 2 (mod 4) respec¬ 
tively. 

Therefore, spec(Si) = ispec(S 2 ). From this relation energy of both sidigraphs 
can be calculated from the eigenvalues of the either sidigraph. For i = 1,2, 
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let Zij = Rz tJ + tQzij, where j = 1, 2, • • • , n be the eigenvalues of S t and ^szj 
denotes the imaginary part of Zj. Then 

E (Si) = ELi l^ijl = ELi l^2j| and E(S 2 ) = E'Li l^2j| = E?=i 


In 0 , the authors proved that the energy of a digraph in A n decreases 
when we delete an arc from a cycle of length 2. As in digraphs, in general 
it is not possible to predict the change in the energy of a non cycle balanced 
si digraph by deleting an arc from a cycle of length 2. It can decrease, increase 
or remain same by deleting an arc of a cycle of length 2 as can be seen in the 
following example. 





S 2 V5 V5 s. 


Fig. 


Example 3.4. Consider the sidigraphs Si, S 2 and S 3 as shown in Fig. 8. 
It is easy to see that (frsAz) = z 6 + 2 z 4 + 1 and ,v 2 )(z) = z 6 + z 4 + 1, 

where denotes the sidigraph obtained by deleting the arc (vi,v 2 ). 

Note E(Si) ~ 2.4916 and E(S[ Vl,V2 ' > ) ~ 2.9104. So the energy increases in 
this case. Also, 4>s 2 { z ) = z 6 + z 4 — z 2 — 1 and spec(S 2 ) = {—1,1, — 
so that E(S 2 ) = 2. If we delete arc (^ 1 ,^ 2 ), H ie resulting sidigraph has eigen¬ 
values {-1,0®, 1,-t, l] so the energy of the resulting sidigraph is again 2. 
That is, the energy remains same in this case. It is not difficult to check that 
E(S 3 ) = 2 + 2\/2 and E^S^ 1 ’^) = 2y/2. So the energy decreases in this case. 


The following result shows that the energy of a sidigraph in decreases 
when we delete an arc from a cycle of length 2. The proof is same as the 
proof of [Theorem 2.6, 17]] 


Theorem 3.5. Let S' be a sidigraph in A 4 with a pair of symmetric arcs 
and let S' be the sidigraph obtained by deleting one of these arcs. Then 
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E(S') < E(S). 


4. Equienergetic sidigraphs 


Two noncospectral sidigraphs Si and S 2 are said to be equienergetic if 
E(Si) = E(S 2 ). For equienergetic (si)digraphs see [HI, E3- We construct a 
new family of strongly connected equienergetic sidigraphs and answer to the 
open problem 2 raised in 


13 


v 3 


v 4 


Vj+l 



Theorem 4.1. For each positive integer n > 4, there exists a pair of non¬ 
cospectral, equienergetic and strongly connected sidigraphs of order n with 
both the constituents non cycle balanced. 

Proof. Case 1. n is even. For each even positive integer n > 4, consider 
the sidigraphs S\ and with vertex and arc sets given by 
V{S^)^V[Sl) = {v 1 ,v 2 ^--,v„}, 
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**(Sn) = {[vi,V 2 ],(v 2 : V 3 ) r -- ,(v j - 1 ,V j ),(v j ,V j+1 ),--- ,(u„,Ul),(Uj,Ul)} 
and 

= {(V1,V 2 ),-- , (Vj-l, Vj), [Vj, Vj+l], (v j+1 ,V j+2 ) ••• ,(t>n,l>l),(l>j,Ul)}, 
where symbol [n, v] means sign of arc from vertex u to vertex v is negative 
and we choose vertex v 3 such that positive integer j is odd. The sidigraphs 
so constructed are shown in Fig. 9. Sidigraph S* has one negative cyclic arc 
[v\,v 2 ] and sidigraph S 2 also has one negative cyclic arc [vj,vj + 1 ]. Therefore 
both sidigraphs are non cycle balanced for each even n. 

By Theorem 1.1, <f>si(z) = z n + z n ~ j + 1 and 4>s 2 { z ) — z n ~ z n ~ j + 1- 
Clearly ,S r ' and S 2 are noncospectral. As n is even and j is odd, so n—j is odd. 
Therefore, <j>s 1 (—z) = z n — z n-J +l = 4>s 2 ( z ) and hence spec(S^) = —spec(S 2 ). 
Thus ,E(S' n ) = E(S 2 ). 


v 3 


Va 


V 3 +1 




Case 2. n is odd. For each odd positive integer n > 5, consider the 
sidigraphs S ^ and S'* with vertex and arc sets given by 
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V(S 3 n ) = V(S*) = { Vl ,v 2 ,--- ,v n }, 

^{ S D = {[vi,v 2 },(v 2 ,v 3 ),--- ,(v j _ l ,V j ),(v j ,V j+1 ),--- , K-iWi),Kwi), 

(u2,Vn),(u ni d)} 

and 

^('S'n) = {(D, U2), • • ’ , (Vj-1, Vj), [Vj,V j+ 1 ], (Uj+i, Uj +2 ) • • • , (W-l, D), (Vj, Vi), 
(v 2 ,v n ), (u n ,Ui)}. 


The si digraphs so constructed are shown in Fig. 10, where for vertex 
Vj, positive integer j is odd. Clearly, both the si digraphs are non cycle 
balanced. By Theorem 1.1, we have <f>ss(z) = z n + z n ~ 3 + z n ~i + z and 
054 (z) = z n — z n ~ 3 — z n -i + z. Clearly, S 3 and S* are noncospectral. As 
both n and j are odd, so both n — 3 and n — j are even. Also, 053 (—z) = 
—z 11 + z n ~ 3 + z n ~i — z = — 054(A). Therefore, spec(S 3 ) = — spec(S^) and so 
E(S 3 n ) = E(Si). " 0 

5. Open problem 

We conclude this paper with the following open problem for further study. 

Problem 5.1. Characterize subgraphs with characteristic polynomial of 
the form (2) or (3). 

Acknowledgements. The first author thanks University Grants Com¬ 
mission, New Delhi, India for providing senior research fellowship. 


References 

[1] B. D. Acharya, Spectral criterion for the cycle balance in networks. J. 
Graph Theory 4 (1980) 1-11. 

[2] B. D. Acharya, M. K. Gill and G. A. Patwardhan, Quasicospectral 
graphs and digraphs, National Symposium on Mathematical Modelling 
M. R. I. Allahabad: July 19-20, 1982. 

[3] M. Acharya, Quasi-cospectrality of graphs and digraphs: A creative 
review, Journal of Combinatorics, Information and System Sciences 37 
(2012) 241-256. 


22 



[4] R. Brualdi, Spectra of digraphs, Linear Algebra and its Appl. 432 (2009) 
2181-2213. 

[5] D. M. Cvetkovic, M. Doob and H. Sachs, Spectra of Graphs, Academic 
press, New York 1980. 

[6] F. Esser and F. Harary, Digraphs with real and Gaussian spectra, Dis¬ 
crete Applied Mathematics 2 (1980) 113-124. 

[7] F. Esser and F. Harary, The pairing theorem for digraph spectra, Bull. 
Malaysian Math. Soc. 4 (1981) 17-19. 

[8] K. A. Germina, Shahul Harneed K and T. Zaslavsky, On products and 
line graphs of signed graphs, their eigenvalues and energy, Linear Alge¬ 
bra and its Applications 435 (2010) 2432-2450. 

[9] I. Gutman, The energy of a graph, Ber. Math. Statist. Sekt. 
Forschungszenturm Graz. 103 (1978) 1-22. 

[10] I. Gutman, The energy of a graph: Old and new results, in: A. Betten, 
A. Kohnert, R. Laue, A. Wasserman (Eds), Algebriac Combinatorics 
and Applications, Springer-Verlag, Berlin (2001) 196-211. 

[11] W. Lopez and J. Rada, Equienergetic digraphs, International Journal of 
Pure and Applied Mathematics 36 (2007) 361-372. 

[12] M. H. McAndrew, On the product of directed graphs, Proc. Arner. Math. 
Soc. 14 (1963) 600-606. 

[13] S. Pirzada and Mushtaq A. Bhat, Energy of signed digraphs, Discrete 
Applied Mathematics 169 (2014) 195-205. 

[14] I. Pena and J. Rada, Energy of digraphs, Linear and Multilinear Algebra 
56 (2008) 565-579. 

[15] J. Rada, The McClelland inequality for the energy of digraphs, Linear 
Algebra and its Appl., 430 (2009) 800-804. 

[16] J. Rada, Lower bounds for the energy of digraphs, Linear Algebra Appl. 
432 (2010) 2174-2180. 

[17] J. Rada, I. Gutman and R. Cruz, The energy of directed hexagonal 
systems, Linear Algebra and its Appl. 439 (2013) 1825-1833. 


23 



